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In this paper we prove that the solution u of the boundary value problem
u0 t g Au t a.e. t g 0, T .  .  . u 0 s u , u T s u .  .0 1
is continuous in a certain sense, with respect to A, u , u , where A is a maximal0 1
monotone operator in a Hilbert space H. The main result is Theorem 3.1. Q 1996
Academic Press, Inc.
1. INTRODUCTION
w xH. Brezis and A. Pazy 6, 7 considered first order differential equationsÂ
in a Hilbert space H,
w xu9 t q Au t 2 f t , for a.e. t g 0, T , u 0 s u , 1.1 .  .  .  .  .0
where A is a maximal monotone operator in H, u g D A , f g .0
1 .L 0, T ; H and they have shown that the application which associates to
 4  .A, f , u the weak solution u of 1.1 is continuous in the following sense.0
Consider the sequence of Cauchy problems
uX t q Anu t 2 f t , u 0 s u , n g N, 1.2 .  .  .  .  .n n n n 0 n
n 1 .where A are maximal monotone operators in H, f g L 0, T ; H ,n
nu g D A . .0 n
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1 .Suppose that u ª u strongly in H, f ª f in L 0, T ; H , and0 n 0 n
y1 y1nI q l A y f t j ª I q l A y f t j , a.e. on 0, T , .  .  . .  . .  .
1.3 .
 .for every l ) 0 and j g D A , as n ª `.
 .  .Under these hypotheses, Brezis and Pazy have proved that u t ª u tÂ n
w xuniformly on 0, T , as n ª `.
This paper contains a similar result for second order differential equa-
tions associated to maximal monotone operators:
u0 t g Au t a.e. on 0, T .  .  .
1.4 . u 0 s u , u T s u . .  .0 1
For the study of the existence and uniqueness of solution for problem
 . w x1.4 , the reader may refer to V. Barbu 2, 3 . He proved that, for every
 . 2, 2 . u , u g H, problem 1.4 has a unique solution u g W 0, T ; H that0 1
2 ..is, u, u9, u0 g L 0, T , H .
In Section 2, we recall some basic notations and notions which must be
used. In Section 3, the main result and some lemmas are established.
w xWe apply the technique of Barbu 2, 3 , used for the existence question
w xand of Brezis and Pazy 6, 7 , used for the convergence problem for firstÂ
order differential equations.
2. PRELIMINARIES AND NOTATIONS
 .We are given a real Hilbert space H with the inner product .,. and the
< < 5 5 2 5 5 ` 2 .norm ? . Let ? and ? be the norms in L 0, T ; H ,L 0, T ; H . L 0, T ; H .
` .respectively, in L 0, T ; H . We denote by ª and © the strong and the
weak convergence in H, respectively.
Throughout this paper, A will be a maximal monotone operator in H of
 .  .domain D A , which means that y y y , x y x G 0, for all y g Ax ,2 1 2 1 i i
 .with x g D A , i s 1, 2, and A admits no proper monotone extensions.i
 .y1One can define the single-valued operators J s I q l A and A sl l
 .  .I y J rl l ) 0 on H. The operator A is called the Yosida approxima-l l
0   ..tion of A. We denote by A x x g D A the element of least norm in
Ax, i.e.,
< 0 < < < 4A x s inf y ; y g Ax .
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 w xLet us recall some properties of A and J see V. Barbu 4 or BrezisÂl l
w x.5 :
PROPOSITION 2.1. Let A be a maximal monotone operator in a real
Hilbert space H. Then
 .i A is Lipschitz continuous on H, with the Lipschitz constant 1rl;l
 .  . < < < 0 <  .ii A x g AJ x, ; x g H and A x F A x , for all x g D A ;l l l
 .  .iii If x ª x and A x © y, as l ª 0, then x g D A and y g Ax.l l l
 n.Let A be a sequence of maximal monotone operators in H. Then
sequence is said to converge in the sense of resolvent to a maximal
monotone operator A if
y1 y1nI q l A j ª I q l A j , ; j g D A , ; l ) 0, as n ª `. .  .  .  .  .
2.1 .
 n.Information about different types of convergence of A may be foundn
w xin Attouch 1 .
3. THE MAIN RESULT
Let us consider the problems
Y n w xu t g A u t a.e. on 0, T , .  .n n 3.1 . u 0 s u , u T s u , n g N .  .n 0 n n 1n
w xu0 t g Au t a.e. on 0, T , .  .
3.2 . u 0 s u , u T s u . .  .0 1
THEOREM 3.1. Let A, An be maximal monotone operators in H, u ,0 n
n nu g D A , u , u g D A , with 0 g A0, 0 g A 0. We suppose that .  .1n 0 1
u ª u , u ª u strongly in H and0 n 0 1n 1
y1 y1nI q l A j ª I q l A j , ; j g D A , ; l ) 0, as n ª `. .  .  .  .  .
3.3 .
 .  .If we denote by u and u the solutions of 3.1 and 3.2 , respecti¨ ely, thenn
 .  . w xu t ª u t uniformly on 0, T , as n ª `.n
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Proof. For l ) 0 fixed, we put
y1 y11r2 1r2y s I q l A u , z s I q l A m , .  .l 0 l 1
y1 y11r2 n 1r2 ny s I q l A m , z s I q l A u . .  .nl 0 nl 1
 . nFrom 3.3 , we deduce that y ª y , z ª z , A j ª A j , for everynl l nl l l l
 . n  .   n.y1 .j g D A , l ) 0, as n ª `, where A s 1rl ? I y I q l A is thel
Yosida approximation of An.
Let w , ¨ , w , ¨ be the solutions of the problemsl l nl nl
Y w xw g Aw , a.e. on 0, T , w 0 s y , w T s z 3.4 .  .  .l l l l l l
Y w x¨ s A ¨ , a.e. on 0, T , ¨ 0 s y , ¨ T s z 3.5 .  .  .l l l l l l l
Y n w xw g A w , a.e. on 0, T , w 0 s y , w T s z .  .nl nl nl nl nl nl
3.6 .
Y n w x¨ s A ¨ , a.e. on 0, T , ¨ 0 s y , ¨ T s z . .  .nl l nl nl nl nl nl
3.7 .
w xThen, for every t g 0, T , l ) 0, n g N, we have
u t y u t F u t y w t q w t y ¨ t .  .  .  .  .  .n n nl nl nl
q ¨ t y ¨ t q ¨ t y w t .  .  .  .nl l l l
q w t y u t . 3.8 .  .  .l l
In order to prove that
w xlim u t y u t s 0, uniformly on 0, T , .  .n
nª`
we shall give some auxiliary results:
LEMMA 3.2. Assume that all the hypotheses abo¨e hold. Then, for fixed
 Y .  X . 2 .l ) 0, the sequences ¨ and ¨ are bounded in L 0, T ; H andnl n nl n
 .  .¨ is bounded in C 0, T ; H .nl n
 . n  .Proof. First we remark again that 3.3 implies A j ª A j , ; j gl l
 .  .D A , ; l ) 0, as n ª `.
 .  Y .Multiplying Eq. 3.7 by ¨ , we obtainnl n
< Y < 2 n X n X¨ s A ¨ , ¨ 9 y A ¨ 9, ¨ . .  . .nl l nl nl l nl nl
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n  . w xThe function t ª A ¨ t is almost everywhere differentiable on 0, T ,l nl
because An is Lipschitz continuous on H and the monotonicity of Anl l
yields
n X w xA ¨ 9, ¨ G 0 a.e. on 0, T . . .l nl nl
Therefore, we have
T 2Y X Xn n< <¨ dt F A z , ¨ T y A y , ¨ 0 . .  . .  .H nl l nl nl l nl nl
0
 n.0 n < n.0 <  < < n 4If A is the minimal section of A , i.e., A a s inf y , y g A a , it
follows that
T 0 02Y X Xn n< < < < < <¨ dt F A z ? ¨ T q A y ? ¨ 0 . 3.9 .  .  .  .  .H nl nl nl nl nl
0
 . 1r2 w  1r2 n.y1 x 1r2 n 1r2Since u y y rl s u y I q l A u rl s A u g0 nl 0 0 l . 0
n 1r2 n.y1 . n < n.0 < < < 1r2A I q l A u s A y we deduce that A y F u y y rl0 nl nl 0 nl
< n.0 < < < 1r2  .and similarly, A z F u y z rl . In view of 3.9 ,nl 1 nl
T 2Y X Xy1r2 y1r2< < < < < <¨ dt F u y z ? l ? ¨ T q u y y ? l ? ¨ 0 . .  .H nl 1 nl nl 0 nl nl
0
3.10 .
< < y1r2 < < y1r2But u y z ? l and u y y ? l are bounded with respect to n,1 nl 0 nl
< < y1r2 < < y1r2say sup u y z ? l s B - `, sup u y y ? l s C - `,n 1 nl l n 0 nl l
 .; l ) 0. So
T 2Y X X< <¨ dt F B ? ¨ T q C ? ¨ 0 . 3.11 .  .  .H nl l nl l nl
0
 .  Y .  X . < X < 2Now, we multiply 3.7 by ¨ : ¨ , ¨ G 0 or ¨ , ¨ 9 y ¨ G 0.nl nl nl nl nl nl
Hence
T 2X X X< <¨ dt F ¨ T , z y ¨ 0 , y . .  . .  .H nl nl nl nl nl
0
From the boundedness of z and y with respect to n, saynl nl
< < < <sup z s D - `, sup y s E - `, ; l ) 0, .nl l nl l
n n
SECOND ORDER DIFFERENTIAL EQUATIONS 113
we infer
T X X X< <¨ dt F D ¨ T q E ? ¨ 0 , ; n g N. 3.12 .  .  .  .H nl l nl l nl
0
2X Xt 1r2 T<  . < < <Since ¨ t y y s H ¨ s ds F T ? H ¨ s ds 1r2 we have .  . .nl nl 0 nl 0 nl
1r2
T X1r2< <¨ t F y q T ? ¨ s ds . 3.13 .  .  .Hnl nl nl /0
< X  . < < X  . <Let us prove now that ¨ 0 and ¨ T are bounded with respectnl nl
to n. We have
¡ T tX Y¨ 0 s z y y y ¨ s ds dt rT .  .H Hnl nl nl nl /0 0~ 3.14 .
T tX Y¨ T s z y y q ¨ s ds dt rT . .  .H Hnl nl nl nl¢  /0 0
 .  .Using 3.14 and 3.11 , one gets
1r2X X X1r2¨ 0 F D q E rT q T ? B ? ¨ T q C ? ¨ 0 , .  .  .  . .nl l l l nl l nl
< X  . <and similarly ¨ T .nl
< X  . < < X  . <Hence, ¨ 0 and ¨ T are bounded with respect to n g N. Fromnl nl
 .  .  Y .  X .3.11 and 3.12 , we deduce that ¨ , ¨ are bounded sequences innl n nl n
2 .  .  .  .L 0, T ; H and 3.13 implies that ¨ is bounded in C 0, T ; H .nl n
LEMMA 3.3. Let A be a maximal monotone operator, u , u g D A , .0 1
 1r2 .y1  1r2 .y1y s I q l A u , z s I q l A u . If ¨ and w are the solutionsl 0 l 1 l l
 .  .of 3.5 and 3.4 , then
1r2¨ t y w t F C ? Tl , 3.15 .  .  .  .l l
where C is a positi¨ e constant.
 .  .Proof. From 3.4 and 3.5 , we deduce that
X X Y Y < X X < 2¨ y w , ¨ y w 9 s ¨ y w , ¨ y w q ¨ y w .  .l l l l l l l l l l
s A ¨ y wY , ¨ y J ¨ .l l l l l l
Y < X X < 2q A ¨ y w , J ¨ y w q ¨ y w .l l l l l l l l
Y < X X < 2G l A ¨ y w , A ¨ q ¨ y w , .l l l l l l l
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so
T T2X X Y< <¨ y w dt F l ? w y A ¨ , A ¨ dt , ; l ) 0. .  .H Hl l l l l l l
0 0
 Y .  Y . < < 2 < Y < 2However, 2 w y A ¨ , A ¨ s 2 w , A ¨ y 2 A ¨ F w . Then,l l l l l l l l l l l
T T2 2X X Y< < < <¨ y w dt F lr2 ? w dt. 3.16 .  .H Hl l l
0 0
<  .  . < 1r2  T < X X < 2 .1r2Since ¨ t y w t F T ? H ¨ y w dt , we obtainl l 0 l l
1r2
T1r2 2Y< <¨ t y w t F Tl r2 ? w dt . 3.17 .  .  .  . . Hl l l /0
Y 2 .Now we show that w is bounded in L 0, T ; H with respect to l. To dol
this, let x be the solution of the approximating problemml
Y w xx s A x a.e. on 0, Tml m ml
m ) 0 . 3.18 .  . x 0 s y , x T s z .  .ml l ml l
 .  .It is known that, for every fixed l ) 0, x t ª w t , as m ª 0, uni-ml l
w x  w x.formly on 0, T Barbu 4 .
Also, we have
< Y < 2 Y X Xx s A x , x s A x , x 9 y A x 9, x .  .  . .ml m ml ml m ml ml m ml ml
F A x , xX 9 .m ml ml
and hence
T 2Y X X< <x dt F A z , x T y A y , x 0 . .  . .  .H ml m l ml m l ml
0
< < < 0 < < < < 0 <Since A z F A z and A y F A y , it follows thatm l l m l l
T 2Y X X0 0< < < < < <x dt F A z ? x T q A y ? x 0 . 3.19 .  .  .H ml l ml l ml
0
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We can write
T t¡ X Yx 0 s z y y y dt x s ds rT .  .H Hml l l ml
0 0~ 3.20 .
T TX Yx T s z y y q dt x s ds rT . .  .H Hml l l ml¢
0 t
 .By 3.19 , we obtain
X < < < <x 0 F z q y rT .  .ml l l
1r2X X1r2 0 0< < < <q T ? A z ? x T q A y ? x 0 . .  .l ml l ml
Consequently,
1r2X X0< < < < < <x 0 F y q z rT q T ? A z ? x T .  . .  .ml l l l ml
1r2X0< <q T ? A y ? x 0 . .l ml
and similarly,
1r2X X0< < < < < <x T F y q z rT q T ? A z ? x T .  . .  .ml l l l ml
1r2X0< <q T ? A y ? x 0 . . .l ml
< 0 < < < 1r2 < 0 < < < 1r2 < < < <But A y F u y y rl , A z F u y z rl , and y , z arel 0 l l 1 l l l
X  . X  .bounded, hence x 0 and x T are bounded with respect to m and lml ml
 .and, from 3.19 it follows that
T Y< <x dt F K .H ml
0
Then,
T T2 2Y Y< < < <w dt F lim inf x dt F K . 3.21 .H Hl ml
mª00 0
 .  .  .By 3.17 and 3.21 , we get 3.15 .
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 .LEMMA 3.4. Let w , ¨ be the solutions of boundary ¨alue problem 3.6nl nl
 .and 3.7 , respecti¨ ely. Then, we ha¨e the estimation
lim sup ¨ t y w t .  .nl nl
nª`
1r2 1r21r4 y1r2 < < < < < < < <F l ? 2 u y z q u y y ? y q z .  .1 l 0 l l l
1r2y1r2 < < < <q T ? 2 u y z q u y y .1 l 0 l
1r2 1r2< < < <? u y z q u y y . 3.22 .1 l 0 l
n  n.y1Proof. We denote J s I q l A . Then,l
X X Y Y < X X < 2¨ y w , ¨ y w 9 s ¨ y w , ¨ y w q ¨ y w .  .nl nl nl nl nl nl nl nl nl nl
s An¨ y wY , ¨ y J n¨ .l nl nl nl l nl
q An¨ y wY , J n¨ y w .l nl nl l nl nl
< X X < 2q ¨ y wnl nl
n Y n < X X < 2G l ? A ¨ y w , A ¨ q ¨ y w . .l nl nl l nl nl nl
w xWe integrate on 0, T :
T T2X X Y n n< <¨ y w dt F l ? w y A ¨ , A ¨ dt .H Hnl nl nl l nl l nl
0 0
X X <Tq ¨ y w , ¨ y w . H 0nl nl nl nl
T T2 2X X Y n n< < < <« ¨ y w dt F l ? w , A ¨ y A ¨ dt .H Hnl nl nl l nl l nl
0 0
1 1T 2 2 2Y n n< < < < < <F l ? w q A ¨ y A ¨ dtH nl l nl l nl2 20
T 2Y< <F lr2 ? w dt. . H nl
0
<  .  . < 1r2  T < X X < 2 .1r2Since ¨ t y w t F T ? H ¨ y w dt , it follows thatnl nl 0 nl nl
1r2
T1r2 2Yy1 < <¨ t y w t F Tl ? 2 ? w dt . 3.23 .  .  .  .Hnl nl nl /0
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Now we approximate w by the solution x of the problemnl nml
Y n w xx s A x a.e. on 0, Tnml m nml
3.24 . x 0 s y , x T s z , n g N, l ) 0, m ) 0, .  .nml nl nml nl
n n n  . where A is the Yosida approximation of A : A s 1rm I y I qm m
n.y1 .m A .
 .  .We know that lim x t s w t and the limit is uniform onmª 0 nml nl
w x0, T .
However,
< Y < 2 n X n X n Xx s A x , x 9 y A x 9, x F A x , x 9, .  .  . .nml m nml nml m nml nml m nml nml
so
T 2Y X Xy1r2 y1r2< < < < < <x dt F u y z ? x T ? l q u y y ? x 0 ? l .  .H nml 1 nl nml 0 nl nml
0
3.25 .
< n.0 < < < 1r2 < n.0 < < < 1r2because A y F u y y ? l , A z F u y z ? l .nl 0 nl nl 1 nl
Writing
¡ T tX Yx 0 s z y y y dt x s ds rT .  .H Hnml nl nl nml /0 0~ 3.26 .
T TX Yx T s z y y q dt x s ds rT , .  .H Hnml nl nl nml¢  /0 t
 .and using 3.25 , we obtain
1r2X X y1r4< < < < < <x 0 F y q z rT q T ? u y z ? x T ? l .  . .  .nml nl nl 1 nl nml
1r2X y1r4< <q T ? u y y ? x 0 ? l . .0 nl nml
< X  . <and we have the same estimation for x T . Hence, we havenml
1r2 1r2 1r2X¡ y1r2 y1r4< < < < < <x 0 F y q z ? T q T ? u y z ? l .  .  . .nml nl nl 1 nl
1r2 y1r4< <q T ? u y y ? l .0 nl~
1r2 1r2 1r2X y1r2 y1r4< < < < < <x T F y q z ? T q T ? u y z ? l .  .  . .nml nl nl 1 nl
1r2 y1r4¢ < <q T ? u y y ? l . .0 nl
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 .Now, 3.25 implies
T 1r22Y y1r2 y1r2< < < < < < < < < <x dt F u y z q u y y ? l ? y q z ? T .  .H nml 1 nl 0 nl nl nl
0
1r2 1r2y1r4< < < <q T ? u y z ? l q T ? u y y .  .1 nl 0 nl
2y1r4?l . 3.27 .
5 Y 5 2 5 Y 5 2 2Since w F lim inf x , we deduceL 0, T ; H . L 0, T ; H .nl m ª 0 nml
T 1r22Y y1r2 y1r2< < < < < < < < < <lim sup w dtF u yz q u yy ?l ? y q z ?T .  .H nl 1 l 0 l l l
0nª`
21r2 1r2y1r4 y1r4< < < <q T ? u y z ? l q T ? u y y ? l , .  .1 l 0 l
for every fixed l ) 0.
 .Inequality 3.23 combined with the last one, leads to
lim sup ¨ t y w t .  .nl nl
nª`
1r2
T1r2 2Yy1 < <F lim sup Tl ? 2 w dt . H nl /0nª`
1r2 1r21r4 y1r2 < < < < < < < <F l ? 2 ? u y z q u y y ? y q z .  .1 l 0 l l l
1r2 1r2 1r2y1r2 < < < < < < < <q T ? 2 ? u y z q u y y ? u y z q u y y . .1 l 0 l 1 l 0 l
3.28 .
 .Finish of the Proof of Theorem 3.1. A simple combination of 3.2 and
 .3.4 leads to
Y1 2 2Y Y Xw t y u t s w t y u t , w t y u t q w t y u9 t .  .  .  .  .  .  .  . . /l l l l2
G 0,
<  .  . < 2and this means that the function t ª w t y u t is a convex functionl
w xon 0, T , hence
< < < <w t y u t F max y y u , z y u . 3.29 .  .  . .l l 0 l 1
 .  .Analogously, 3.1 and 3.6 imply that
< < < <u t y w t F max u y y , u y z . 3.30 .  .  . .n nl 0 n nl 1n nl
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In view of Lemma 3.3 and Lemma 3.4, we derive
1r2¨ t y w t F C ? Tl , 3.31 .  .  .  .l l
where C is a positive constant and
1r21r4 < < < <lim sup ¨ t y w t F C ? l q C ? u y z q u y y , .  .  .nl nl 1 2 1 l 0 l
nª`
0 - l F l 3.32 .0
with C , C independent on l, n, and t.1 2
<  .  . <Finally, we give an estimation for ¨ t y ¨ t .nl l
 .  .Multiplying 3.7 and 3.5 by ¨ y ¨ and using the monotonicity ofnl l
An, we getl
X X < X X < 2 n n¨ y ¨ , ¨ y ¨ 9 y ¨ y ¨ s A ¨ y A ¨ , ¨ y ¨ .  .nl l nl l nl l l nl l l nl l
q An¨ y A ¨ , ¨ y ¨ .l l l l nl l
G An¨ y A ¨ , ¨ y ¨ . .l l l l nl l
w xOne integrates on 0, T :
T T2X X n< <¨ y ¨ dt q A ¨ y A ¨ , ¨ y ¨ dt .H Hnl l l l l l nl l
0 0
F ¨ X T y ¨ X T , z y z y ¨ X 0 y ¨ X 0 , y y y . 3.33 .  .  .  .  . .  .nl l nl l nl l nl l
For a given l ) 0, y ª y , z ª z strongly in H, as n ª ` and, sincenl l nl l
 .  .  . w x n  .  .¨ t g D A , ; t g 0, T , we also have A ¨ t ª A ¨ t as n ª `,l l l l l
w x < X  . <uniformly on 0, T . Now we apply Lemma 3.2 to obtain that ¨ 0 andnl
< X  . <  .¨ T are bounded with respect to n and ¨ is a bounded sequence innl nl n
 .  .C 0, T ; H . By 3.33 it follows that
T 2X X< <lim ¨ y ¨ dt s 0, ; l ) 0. 3.34 .  .H nl l
nª` 0
One observes that
t X X¨ t y ¨ t y y q y s ¨ s y ¨ s ds .  .  .  . .Hnl l nl l nl l
0
and thus
T X X< <¨ t y ¨ t F y y y q ¨ t y ¨ t dt. .  .  .  .Hnl l nl l nl l
0
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 .We apply 3.34 and y ª y as n ª ` to findnl l
w xlim ¨ t y ¨ t s 0, ; l ) 0, uniformly on 0, T . 3.35 .  .  .  .nl l
nª`
 .  .  .  .  .Returning to 3.8 and using the estimations 3.29 , 3.30 , 3.31 , 3.32 ,
 .3.35 , and the hypotheses u ª u , u ª u , one obtains for 0 - l F l ,0 n 0 1n 1 0
1r2
`5 5 < < < <lim sup u y u F 2 max u y y , u y z q C ? Tl . .L 0 , T ; H .n 0 l 1 l
nª`
1r21r4 < < < <q C ? l q u y z q u y y . 3.36 . .1 1 l 0 l
Passing to the limit as l ª 0, with the aid of the convergences y s I ql
1r2 .y1  1r2 .y1l A u ª u , z s I q l A u ª u as l ª 0, we conclude that0 0 l 1 1
 .  . w xu t ª u t , as n ª `, uniformly on 0, T .n
Remark. It is interesting to study the problem on the half-axis, that is:
 n.y1  .y1  .  .  .If I q l A j ª I q l A j , ; j g D A , ; l ) 0, as n ª `, do we
1r2 . 1r2 .have the convergence S t j ª S t j , as n ª `?n
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